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A coloring of a graph is a function from the vertices of a graph to the set of natural
numbers. A “ruled coloring” is a collection of colorings satisfying a certain property, called
the “rule.” For example, a rule could be that any two adjacent vertices are assigned different
values. In this paper, we formalize these notions and construct a framework allowing logical
operations to be performed on rules. We begin by discussing the category of graphs with
embeddings. We introduce a family of topologies on the category of graphs with embeddings
and show that the set of colorings defines a sheaf for any of these topologies. From here we
define rules and ruled colorings and discuss the interpretation of Joyal-Kripke semantics for
rules. Finally, we show how proper colorings and abelian group-valued colorings fit into this
framework, and we suggest how cohomological tools could be used to solve such problems.

1 Introduction and Motivation

Sheaf theory is a powerful tool in mathematics generalizing the idea that “global information”
can be deduced by “local information.” Given a category with a notion of “topology” on
each of its objects, a sheaf is a presheaf (i.e. a contravariant functor from that category to
the category of sets) which can be computed by gluing together the values of the functor
on “open pieces.” A precise definition is given in the appendix (Section . The category
of these sheaves is a Grothendieck topos. In addition to the aforementioned geometric
properties, these have a logical aspect: one of the objects of the topos (called the subobject
classifier) admits morphisms which give it the structure of a Heyting algebra (i.e. a model for
intuitionistic propositional logic). The “internal” logic (i.e. the structure of the subobject
classifier) can be used to deduce “external” statements (i.e. statements about the way the
objects of the topos behave). These ideas are explored in depth in [3, Chapters IV.8, VI.7],
and the interplay between the internal and external viewpoints has been exploited in various
areas of mathematics. Some interesting examples of this in algebraic geometry are found
in [1I] and are the main source of motivation for this paper. Crudely speaking, we aim to
make precise the notion of a “ruled coloring” of a graph using sheaf theory. Once this is
established, we explore some basic properties of this framework, suggest ways in which it
could be applied to problems in graph theory, and discuss what the internal language of the
topos implies in this setting. Due to the somewhat concrete nature of graph theory, we hope
that this provides an accessible introduction and intuition to some of the basic ideas behind
sheaf and topos theory.



Intuitively speaking, a coloring of a graph is simply an assignment of “colors” (i.e. el-
ements of a set) to the vertices of a graph. A ruled coloring ought to be some sort of
“restriction” on ways in which the colors can be assigned. This restriction should be some-
thing applicable to every (or at the very least some distinguished family) graph. These could
be of two natures: local or global; the former consists of rules about neighbors of a vertex,
and the latter rules about the whole graph. For example, we could have the rule “every ver-
tex of the graph has a red neighbor” (a local rule) or “the graph has at least one red vertex”
(a global rule). Altogether, this suggests that we should view ruled colorings as subsheaves
of a sheaf of all possible colorings. The local versus global rules will depend on the choice of
topology we place on the graphs. The logical structure of a topos mentioned above allows us
to generate a propositional logic on ruled colorings. In this way, we can describe in a precise
sense how to conjoin rules (i.e. rule A and rule B, rule A or rule B, etc.). This is explored
further in Section [3l

We begin this paper by giving our definition of the category of graphs. Following this,
we discuss a family of topologies that can be placed on this category. In the next section,
we introduce the formal definition of ruled colorings. We discuss the propositional logic on
ruled colorings from the “internal” and “external” perspectives. As the internal logic of many
topoi is intuitionistic, we spend some time discussing what the negation of a ruled coloring
is. We then have a brief conversation on parameterized ruled colorings, i.e. rules that vary
depending on what the set of colors is. In the next section, we discuss a few combinatorial
problems and reformulate them in this sheaf-theoretic framework. Finally, we discuss the
machinery of sheaf cohomology as a means to count the number of a specific ruled colorings
of a graph, and we propose a combinatorial problem for which these techniques are likely
to be insightful. A brief overview of the relevant tools from topos theory and homological
algebra is included in the appendix.

We will assume the reader is familiar with the machinery and notation of basic category
theory and graph theory. For notation, let C, denote the n-cycle graph for n > 3. The
category of sets is denoted Set, abelian groups by Ab, and finite abelian groups by Ab™.

2 Topologies on Categories of Graphs

This section sets up the overarching categorical framework required to discuss the sheaf-
theoretic approach to colorings of Section [3] In we define the category of interest for
this paper (undirected graphs with embeddings) and show that it is closed under pullbacks.
A collection of Grothendieck topologies are defined in [2.2} these will be the topologies on
which the set of colorings of a graph forms a sheaf.

2.1 The Category Graph

An undirected graph G consists of a set V(G) (the vertices) and a set E(G) of unordered pairs
of elements in V(G) (the edges) such that for each g € V(G), (9,9) € E(G). A morphism
¢ : G — H of graphs is a pair of functions ¢y : V(G) — V(H),¢p : E(G) — E(H)
such that for any (g1, 92) € E(G), ¢r(g1,92) = (¢v(91),dv(g2)) € E(H). Note that ¢g is
uniquely determined by ¢y. We also require that ¢y is injective. This condition forces ¢g



to be injective, for if ¢g(g1,92) = (Pv(g1), dv(g2)) = (Pv(d1), dv(93)) = dE(g1,95), then
ov(g1) = dv(g:) and ¢y (g2) = ¢v(g.,), which by injectivity implies g1 = g;, g2 = ¢’,, thus
(91,92) = (g1, 95). We will sometimes call these maps embeddings. Morphisms of graphs can
be composed in the obvious way, thus there is a category Graph whose objects are graphs and
whose morphisms are morphisms of graphs. Let Graph denote the corresponding category
and Graph™ the full subcategory spanned by finite graphs (i.e. graphs G with [V/(G)| < 00).

Given graphs Gy, Gy, G and morphisms ¢, : G; — G, ¢ : Gy — G, the pullback graph
G Xg Gy is defined as

V(G1 x¢ Gs) == V(G1) xv(e) V(G2) = {(91,92) € V(G1) X V(G2) | ¢1(g1) = ¢2(g2)}

E(Gy %@ Ga) = {((91,92), (91, 95)) € E(G1) x E(G2) | (91,91) (92, 95) € V(G1 xa G2)}

Note that for ¢ = 1,2 there are morphisms 7; : G; Xg G5 — G; which project the elements
of V(G1 x¢ G2) and E(Gy X G2) onto the first or second component (respectively).

Proposition 2.1.1. The graph G xg G5 together with the maps 7, mo defined above is the
pullback of G; — G <+ G5 in Graph.

Proof. Let Z be any graph and ¢, : Z — G1,v : Z — (G9 any morphisms such that
¢1 011 = ¢g 0 1. Define a morphism ¢ : Z — Gy Xg Go by ¥y @ 2z +— (¢1(2),19(2)). Since
G101 = o othy, (V1v(2), ey (2)) € V(Gy X Ga), so the set map on vertices is well-typed.
If (z,2') € E(Z), then (¢Y1v(2), Y1 v(2)) € E(Gy) and (Yo (2),Y2v(2)) € E(Gsy), thus
(v (2), 2y (2), (Vv (2), ey (2) € E(G1 Xg Ga). If (Y1(2),42(2)) = dv(z) = Yy (2) =
(1(2"),¥2(2)), then ¢;(2) = (') for i = 1,2. As these are injective, z = 2/, so ¢ is indeed
a morphism of graphs. It is clear that for i = 1,2, m; v 0o ¢y (2) = ¢ v (2), thus m; 0 ¢ = ;.
Suppose ¢ : Z — Gy X G5 is any other map such that m;01) = ¢;. Since V(G xgG2) =
V(Gy) xve) V(G2), Yy is uniquely determined by maps Y1y, av. Since my : V(Gh) Xy
V(Gy) — V(G;) is clearly the canonical projection map, the condition that m; o ¥ = 1y
implies zﬁiy = ; v, thus Yy = 1. Since morphisms of graphs are uniquely determined
by how they act on vertices, ¢ = 1, so the map defined above is unique. Thus G; X G
satisfies the univeresal property of the pullback in Graph.
]

Corollary 2.1.2. The category Graph has all pullbacks.

Proof. This is immediate from Proposition [2.1.1}
O

Remark 2.1.3. We can be more explicit in our description of the pullback. Since the
maps GG; — G are embeddings, we can identify G; with its image, thus we can assume the
embeddings are actually inclusions. Now a pair (g1, 92) € V(G1) xv(e) V(G2) corresponds
to some g; € G1,92 € Gy such that g1 = go. Thus V(G xg Ga) = V(G1 N Gy). A similar
argument can be made for edges, thus G; xg Go = G1 N G5. Note also that V(G; N Gy) =
V(Gl) N V(Gg) and E(Gl N GQ) = E(Gl) N E(Gg)



2.2 Topologies on Graph
Definition 2.2.1. A collection {f; : G; — G| i € I} in Graph is called jointly surjective if

Ui, £i(V(Gi)) = V(G) and U, fi(E(Gi)) = E(G).

Example 2.2.2. If f : G' — G is an isomorphism, then {f : G' — G} is clearly a jointly
surjective collection.

Example 2.2.3. Let G be a graph. For each e = (vi,v2) € E(G), let f. : Py — G be the
map sending the single edge of Py to e. Then {f.: Py — G |e € E(G)} is jointly surjective.

Lemma 2.2.4. If{f;, : G; — G | i € I} is jointly surjective, and for each i € I the collection
{9ij : Gij — G, | j € J} is jointly surjective, then {f;0¢9;; : Gij = G |i € l,j € J} is jointly
surjective.

Proof. Unpacking definitions,

U fzogm U U fzogw Ufl Uglj ij) = UfZ(V<GZ)) = V(G)

iel,jed i€l jeJ i€l JjeJ i€l

The same argument for edges shows U, jc; fi 0 9i(E(Gy)) = E(G).
[l

Lemma 2.2.5. If {f; : G; — G} is jointly surjective, for any map h : G' — G the collection
{pry,; - Gi xqg G' = G| i € I} is jointly surjective.

Proof. By Remark [2.1.3] we may assume without loss of generality that the f; are inclusions
of subgraphs and that G; xg G’ — G’ is the inclusion G; NG" C G’. In particular, f;(S) =S
for any subset S of V(G;) or E(G;). With this in mind,

UrvGna) = JV(G)nV(G)=V(G)nV(G) =V(C)

el el

The same reasoning holds for E instead of V.
O

Corollary 2.2.6. Define a Jjpinisuri-cover as any jointly surjective collection {f; : G; —
Glie I}, Then Jjpintsurj s a subgraph topology.

Proof. Example Lemma[2.2.4] and Lemma show that the covers in Jeqge have the
desired properties.
[l

Note that every graph G has a Jjeinsurj-covering by its edges (see Example . As
will be discussed in greater depth in Section [8|and Section [} this reflects the fact that this
topology will only detect information about the immediate neighbors of a point. Below we
list a few other examples of Grothendieck topologies on Graph. Verifying these statements
is straightforward and left as an exercise to the reader.

Example 2.2.7. If we take coverings of G to be singleton sets containing an isomorphism
to G, or the covering in Example this defines a topology Jeqe. on Graph.

4



Example 2.2.8. If we take the coverings of G to be singleton sets containing an isomorphism
to G, this defines a subgraph topology Jirivias on Graph.

Example 2.2.9. If we take coverings of G to be finite jointly surjective collections, this
defines a subgraph topology Jgncover on Graph.

Example 2.2.10. If we take coverings of G to be singleton sets containing an isomorphism
to G, or collections {f; : G; — G | i € I} with each G; finite, this defines a subgraph topology
Jfingrapn, on Graph.

As discussed in the beginning of this subsection, these subgraph topologies can be used to
provide coverings by certain families of graphs. For example, Jeqge corresponds to coverings
by P,. We now construct a subgraph topology Jcyce which covers graphs by cycles. This
topology will be used in Section [4]

Proposition 2.2.11. There is a subgraph topology Jcyce Whose covers of G are those jointly
surjective collections {f; : G; — G |i € I} with the property that for any edge e € E(G),

f(e) is either empty, or for any cycle C containing e, f; induces an isomorphism f;'(C) =2

C.

Proof. 1t is obvious that if f : G' = G is an isomorphism, it is a Jcyce-cover.

Let {f; : G; = G|ie I} and {g;; : Gi;j = Gi|j € J} be Jeye-covers of their respective
graphs. By Lemma 2.2.4] {f;09; : G; — G|i € I,j € J} is jointly surjective. Take
e € E(G) such that (f;0g;;) " (e) = giglfi_l(e) is nonempty. Take a cycle C' C G containing
e. Since f;'(e) is nonempty, f; induces an isomorphism f;*(C) = C. In particular, f;*(C)
is a cycle in G containing f; ' (e), and since gigl f7'(e) is nonempty, this means g;; induces an
isomorphism giglfi_l(C) >~ f71(C). Thus f;og,; induces an isomorphism (f;0g;;) "1 (C) = C.

Let h : G' — G be any map and {f; : G; — G | i € I'} a Jeyae-cover. By Lemma [2.2.5]
{fi x¢h: G; x¢g G" - G'|i € I} is jointly surjective. We may assume without loss of
generality that h and the f; are inclusions of subgraphs and that G; xg G' — G’ is the
inclusion G; NG’ C G'. Take e € E(G’), and let C be a cycle in G’ containing e. Then C'is
a cycle in G, so if e € E(G;), C C G;. But then C' C G; N G’, which finishes the proof.

[

Example 2.2.12. If we interpret the f; : G; — G in a Joyee-cover {f; : G; = G |i € I}
as inclusions of subgraphs, then this simply means that if e € G;, any cycle containing e is
contained in G;. Consider the following graph

Then the following collection of two subgraphs (with their obvious embeddings) would be a
Jeyele-covering



'

However, the covering shown below would not be a J.yee-covering, since the leftmost graph
contains the edge contained in both a 3-cycle and 4-cycle, but not the 4-cycle.

YO

Note that Example([2.2.9 is not a Jeyqe-cover for the example above. In fact, it is easily seen
it 15 not a Jeyee-covering for any graph which contains a cycle.

Remark 2.2.13. Note that all of the results and examples in Sections 2.1] and [2.2] can be
done for Graph™™.

Remark 2.2.14. Due to the author’s intentions for this paper, we only consider topologies
on undirected. However, there are interesting examples of topologies on directed graphs; two
of these are studied extensively in [2].

3 Colorings

This section will introduce the main idea of the paper: colorings of graphs may be viewed
as sheaves, and ruled colorings may be viewed as subsheaves. In Section we discuss the
Color” sheaf for a set S. In the next section we finally make precise the notion of a rule.
In Section we discuss what it means to negate ruled colorings in the internal logic of
a topos. In fact, we find an explicit formula for sheaf corresponding to the negation of a
rule, see Theorem [3.3.1] Finally, in Section we explore the notion of ruled colorings
parameterized over some base category.

3.1 Colorings as Sheaves

Let S be any set. Consider the presheaf Color® : Graph®® — Set which acts on objects
by G — Homse(V(G),S) and morphisms by [f : G — G'| — [f* : ¢ — ¢ o f]. Note that
Color” (@) is the set of all S-valued colorings of G. By We will use the notation ¢|q := f*(¢).

Proposition 3.1.1. Let J be any subgraph topology. Then Color® is a sheaf on (Graph, J).

Proof. Let {f; : G; = G |i € I} be a J-cover of G. Using the identification of embeddings
as subgraphs and pullbacks as intersections, by Remark it suffices to show that for any
collection (g;)icr € [];c; Homset(V(G5), S) such that gi|va,na,) = 9ilvcing,) for all i,j € I,
there exists a unique g € Homse (V' (G), S) such that g|y(c,) = g;- But this is just a basic fact
about set-theoretic functions: since the collection {f; : G; — G | i € I} is jointly surjective,
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for any v € V(G) there exists some i € [ such that v € G;, and we define g(v) := g;(v). The
relation g;|v(c.na,) = 9jlv(a.ng,) implies that if v € V(G;NGj), gi(v) = g;(v) is well-defined.
Unique is clear.

[

This will serve as the “starting sheaf” which we use to define ruled colorings.

3.2 Ruled Colorings

Intuitively speaking, a ruled coloring should be determined by some property (called the
rule). A given coloring of a graph may satisfy this rule, or it may satisfy the rule on some
subgraphs, or it may satisfy the rule nowhere. Furthermore, this rule should be “the same”
across all graphs. With these observations, it is natural to define ruled colorings in the
following manner, using the language of Grothendieck topoi.

Let J be a subgraph topology, Sh(Graph, J) the topos of sheaves over (Graph, J), and 2 the
subobject classifier of Sh(Graph,J). Inspired by the internal-external viewpoints discussed
in [5, we define ruled colorings as follows:

Definition 3.2.1. Externally: a J-ruled S-coloring is a subsheaf of Color® in Sh(Graph, J).
If S is clear from context, we will call this a J-ruled coloring.

Definition 3.2.2. Internally: a J-rule for S-colorings is a morphism Color® — Q in
Sh(Graph, J). If S is clear from context, we will just call this a J-rule.

By definition of the subobject classifier, there is a bijection between J-rules and J-ruled
colorings given by pulling back the J-rule along the universal map true : * — €.

Example 3.2.3. Suppose T C S. Then Color” (G) C Color®(G) for any graph G, so we
have a monomorphism Color’ — Color®. By the previous sentence, this is the pullback

of true along some unique map Color® — Q, which we will denote by Tcs. Note that if
T =T, then Tcs =Ttg.

[

Lemma 3.2.4. Let trueg denote the composition Color® — x =% Q. Then Colorfmes =
Color?®.

Proof. By the pasting lemma for pullback squares, we can compute the pullback of trueg by
computing the following two pullback diagrams

S \ \
Colory,,. . > P > %
-
)
l l J{true
Color® S % 5

true

Since * is the final object, for any sheaf F there exists a unique pair of maps z,y : F — x
with true o z = true oy, thus there is a unique map F — P. Thus P is a final object, so the
unique map P — % is an isomorphism. The result now follows from the above diagram and

the fact that a pullback of an isomorphism is an isomorphism.
O



In particular, note that Scg = trues. Now we will turn our attention to the logical aspects
of this setup. The object 2 comes equipped with the structure of an internal Heyting algebra
[3, Chapter IV.8], thus we have “logical operations” A,V,=: Q x Q — Q and = : Q — Q,
as well as the “universal truth” map true : * — €. These allow us to construct new J-rules
from existing ones; if ¥, ¢ are J-rules, we have

oAb Color® % ax 0

éV 1 Color® 2% ax0 %0
¢ =1 : Color® Z% Qax Q=0
~6: Color® % Q2 Q

Since (€2, V, A, =, 7) the structure of an internal Heyting algebra, any statement of formal
logic which is true in a Heyting algebra will be true for the operations above, i.e. the
corresponding map will factor through true : x — €. For example, x = ——x is always true
in a Heyting algebra source, and we will see below that ¢ = —=—¢ indeed factors through true
for any J-rule ¢. As another example, in a Heyting algebra we have aA (bVe) = (aVb)A(aVe)
source, thus a ¢ A (¢ V p)-coloring is equivalent to a (¢ V 1)) A (¢ V p)-coloring. We will see
shortly that this fits our intuition.

Let G be a graph, a € ColorS(G) an S-coloring, and ¢ a J-rule. We say that « is a ¢-
coloring if o € Colorg(G). Given a map f: &' = G, let f5: Color®(G) — Color®(G) be
the map induced by f. We can interpret the logical operations above using sheaf semantics,
as discussed in VI.7.1 of [3]:

Lemma 3.2.5. (Theorem VI.7.1 [3]) Let G be a graph and a € Color®(G) an S-coloring.
Let ¢,1 be J-rules. Then the following hold:

~

. is a ¢ N p-coloring iff a is a ¢-coloring and « is a Y-coloring.

S

a is a ¢ V Y-coloring iff there exists a J-cover {f; : G — G |i € I} such that for each
i €1, fP(a) is either a ¢-coloring or a 1-coloring on G;.

Co

.« is a ¢ = Y coloring iff a being a ¢-coloring implies « is a -coloring.

a is a ~¢ coloring iff for all f : G' — G, if fs(a) is a ¢-coloring on G’ then f is an
empty cover.

~

5. Monotonicity: Given a map [ : G' — G, if a is a ¢-coloring on G, then fs(oz) s a
¢-coloring on G'.

6. Local character: Let oo € Color®(G). If {fi: G; — G |i € I} is a J-cover such that

for each i €1, ff(oz) 1s a ¢-coloring on each G;, then « is a ¢-coloring on G.

Remark 3.2.6. Since we may view maps in Graph as embeddings of subgraphs, we adopt
the suggestive notation a|q, := f7 (), which we read as “a restricted to G;.”



Returning to our earlier example, « is a ¢ A (¢ V p)-coloring iff it is a p-coloring and
there exists a J-cover {G; — G | i € I} such that afg, is either a 1-coloring or a p-coloring
for each ¢ € I. But this is evidently the same as saying that for each i € I, a|g, is either a
¢ coloring and a 1 coloring, or a ¢ coloring and a p coloring. Repacking everything, this is
saying that « is a (¢ A ) V (¢ V p)-coloring, which explicitly verifies our intuition and the
earlier statement of de Morgan’s law.

3.3 Negating Rules

Now we turn our attention to negation. Using Remark with Lemma M(él), we may
rephrase a being a —¢-coloring as saying that if for some subgraph G’ of G, if ol is a
¢-coloring, then G’ — G is the empty cover. But since subgraph topologies have only
jointly surjective covers, the only object having the empty cover is the empty graph itself.
Thus G = @. In other words, « is a —¢-coloring if there are no subgraphs of G on which
the restriction of « is a ¢-coloring. But note that each vertex of G is a subgraph (with
embedding a map of the form * — G, thus « restricted to each vertex is not a ¢-coloring. In
other words, o, ¢ Colori(*) for each g € V(G). But Colorg(*) = Homsge (V (%), 5) = S,
the isomorphism being given by evaluation, thus a|, may be identified with a(g). Since
Colori is a subsheaf of Color®, we have an inclusion Colorg(*) C Color®(x), which we
may identify with some subset S, C S. Putting this together, we see that if o is a —¢
coloring, then a(g) ¢ Sy for all g € V(G)., thus a is a (S \ Sg)cs-coloring. Furthermore,
suppose a(g) ¢ Sy for all g € V(G). Let G’ be any subgraph of G, and suppose a|¢ is a
¢-coloring. For any vertex g € V(G’) identified with a map x < G’, the restriction map
Colorg(G’) — Colorg(*) implies af, € Colorg(*), ie. a(g) € Sy But this contradicts our
earlier assumption, thus a|qg ¢ Colorg(G’) for any subgraph G’ of G, i.e. «a is a ~¢-coloring
on GG. As this holds for any graph G, we conclude

Theorem 3.3.1. Let S be a set, ¢ be a J-rule for S-colorings, and S, as denoted above.
Then Color®\% = Colorf¢. Internally, this means (S '\ Sy)cs = —¢.

Corollary 3.3.2. Let T C S. Then -Tcs = (S\T)cs.

Proof. This follows from Theorem|3.3.1|and the observation that Color%cs (¥) = Color™ (%) =
T. -

O
Corollary 3.3.3. Let T C S. Then ~—Tcs = Tcs.
Proof. By Corollary B33, ~Tcs = ~(S\ T)cs = (S\ (S\ T))es = Tes.

O

Corollary 3.3.4. Let ¢ be any J-rule. Then ———=¢ = —¢.

Proof. By Theorem and Corollary [3.3.3] n—=—¢ = (S \ Sy)cs = (5\ Sy)cs = —¢.
[l

We will soon see that the statement ——¢ = ¢ is not true in general, i.e. the internal
logic is not Boolean. It is easy to see, however, that Colorg is a subobject of Color® \So for
any ¢, which by Lemma [3.2.5(3) shows ¢ = —=¢ is universally valid (i.e. is the entire sheaf
Color?”).



3.4 Parameterized Colorings

By [0, 1. Definition], there is a fully faithful functor Sh(Graph,J) < Fun(Graph®, Set)
which admits a left exact adjoint. Applying Fun(C, —) to both sides and using [4, 3. Prop-
erties, Pre- and composite adjoint functors], we get a left adjoint to Fun(C, Sh(Graph,J) —
Fun(C, Fun(Graph, Set)). Since limits in functor categories are computed pointwise, the
left adjoint is left exact. Since Fun(C,Fun(Graph®,Set)) = Fun(C x Graph®?,Set), [0, 1.
Definition] implies Fun(C, Sh(Graph, J)) is a topos. If C has a functor U : C — Set, then the
following defines a functor (which we will call Color)

A € 0b(C) — Color?W

[A L B] € Mor(C) — [Color?™ £ Color? ()]

Definition 3.4.1. Let C be a category equipped with a faithful functor U : C — Set. A
C-parameterized ruled coloring is a subfunctor of Color. As in Definitions[3.2.1] [3.2.2 this is
equivalently a map ¢ : Color — , where € is the subobject classifier of Fun(C, Sh(Graph, J)).

Remark 3.4.2. To justify the use of the word “parameterized” in the above definition, for
any object A € Ob(C) there is a functor ev, : Fun(C, Sh(Graph, J)) — Sh(Graph, J) sending
a functor F' to F(A). Note that ev4(Color) = Color’™. Furthermore, if Color’ < Color
is a subobject, then by the characterization of monomorphisms in [7] there is a pullback
diagram

Color’ —— Color’

Color’ —— Color

Since limits of functors are given pointwise [0, Proposition 2.1], ev4 preserves this pullback
square, thus Color’(A) is a subfunctor of Color”™ (again by [7]).

Example 3.4.3. Let U : C — Set be as above. For a fixed A € Ob(C), consider the
assignment Color:, (G) = {V(G) LN A|da € U(A) with h(G) = a} (i.e. con-

monochrome
stant colorings). If v : G' — G is an embedding, then h o ((G') C h(G) = a, thus
*h € Colors . . (G"). By Remark it is easy to see this satisfies the gluing con-
dition for any subgraph topology. Thus Colora . is a sheaf. Now suppose we have
f A —= B. Since U(f) sends singletons to singletons, it is clear there is a functor

f. : Color? — Color? Finally, note that each Color’ s a sub-

monochrome monochrome * monochrome
sheaf of Color’™ | thus Color,(nggochrome i1s a subsheaf of Color, i.e. a parameterized ruled
coloring.

Example [3.4.3] illustrates the guiding principle behind parameterized ruled colorings:
these are rules which can be given to colorings valued in a subcollection of sets. We will see
another example of this in Proposition [4.2.1]
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4 Combinatorial Problems

In this section we begin by discussing how proper coloring problems fit into this framework.
After this, we provide an overview of colorings valued in abelian groups and discuss how
cohomological tools could be used to count colorings of a graph.

4.1 Proper Colorings

Given a set S, a proper S-coloring of a graph G is a function f : V(G) — S with the
property that if f(g1) = f(g2) with g1 # go, then there is no edge between g; and gs.
Now take a morphism h : G; — Gy and proper coloring f : Go — N. We claim that
f o h is a proper coloring on G;. Suppose f(h(g1)) = f(h(g2)). Then h(g;) and h(g2) do
not share an edge, or h(g;) = h(gz). But since we assume h is an embedding, the latter
cannot hold if g; # g9, thus h(g;) and h(gs) do not share an edge. Consequently, there is
a subpresheaf PropColor® : Graph®® — Set of Color which sends a graph G to the set of
proper S-colorings on G.

Proposition 4.1.1. Let J be a subgraph topology. Then PropColor® is a sheaf on
(Graph, J).

Proof. Since PropColor® is a subpresheaf of Color, to show it is a sheaf it suffices to
show that given any jointly surjective family {.; : G; — G |i € I} and proper S-colorings
fi : G; — G, the map f given in Proposition is proper. Indeed, fix a vertex v € V(G).
For any neighbor u of v, the edge (u,v) is contained in some G;. Since f|g, = f; and since
this map is proper, f(u) = fi(u) # fi(v) = f(v). As this holds for any vertex v and any
neighbor of v, f is a proper coloring.

]

An infamous problem in combinatorics is the following: given a graph G, how many
proper k-colorings exist? Using the framework developed earlier, this is simply the question:

question to answer. Using the equalizer property of sheaves, we can place an upper bound
on this number, provided we can answer (or at least bound) this question for a cover of the
graph. In fact, we can do this for any J-rule.

Proposition 4.1.2. Let G be a finite graph, S a finite set, and ¢ a J-rule for S-colorings.
Let {f; : G; = G| i € I} be a finite J-cover of G. Then

|Colorf(G)| < [] |Colors(G))]

iel
Proof. We have an equalizer diagram

Colorg(G) — ]I

—
icl Colori(Gi) — ]I Colorg(Gi xa Gj)

ijel

By basic properties of equalizers, the first map is injective. Taking cardinalities, this implies
S S S

|Colory (G)| < |[];e; Colory (Gi)| = [[,¢; |Colory (G)|.

el

O
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Shifting topics by continuing the discussion on negations in Section PropColor®
provides an example of a rule whose double negation is not equal to itself:

Example 4.1.3. Let p : Color® — Q be the rule associated to PropColor®. By Theorem
-p = (S\ Sp)cs. Since any coloring of the one-vertex graph is vacuously a proper
coloring, Sp = S, thus =p = @. By Corollary|[3.3.3, ——p = Scs. By Corollary|[3.3.3 and
the comment after Lemma[3.2.4], we see ——p = trueg # p.

4.2 Colorings Valued in Abelian Groups

Let A be an abelian group with identity 0. Then Color” admits the structure of an abelian
group. Indeed, if ¢,7 : V(G) — A are set-theoretic functions, then pointwise addition
(¢ +1)(a) := ¢(a) +1(a) defines a group structure on Homse(V(G), A), where the identity
element is the constant map V(G) +— 0. We can then look at group-ruled colorings valued
in abelian groups, where a group-rule for a subgraph topology J is a J-rule such that the
corresponding subsheaf is a subsheaf of abelian groups (not just of sets). In this case, we
can pose a similar question to that discussed in 4.1: given a group-rule ¢ and graph G, what
is the cardinality of ColorQ(G), i.e. how many ¢-colorings of GG exist? By using abelian-
group valued colorings, we can apply tools from sheaf cohomology to compute the size
and elements of Colorg‘(G). In particular, [8, Lemma 19.7.4] states that for any subgraph
topology J, (Graph, J) has enough injectives, thus for any graph G the right derived functors
of F — F(G) exist (where F is a sheaf of abelian groups over (Graph,J)). In particular,
we can consider the case where F = Colorg, in which case we denote the i-th cohomology
group by H'(G, A, ). Moreoever, if we have some exact sequence of group-ruled colorings
0 — Colorg,l — Colorfj — Colorf — 0, then for any graph G we have a long exact
sequence

0— H°G, A, ¢) = H°G,B,) — H(G,C,p) — HY(G,A,¢) — ...

Since H°(G, A, ¢) = Colorg(G), this provides us with a way of using cohomological methods
to answer the question posed earlier.

Definition 4.2.1. Given an abelian group A, a cyclic additive A-coloring is a coloring
¢ : V(G) — A with the property that for any cycle C' C G, 3 () ¢(9) = 0. We denote

the set of such colorings Colorzy,(G).
Proposition 4.2.2. The functor Color,qq is a subsheaf of Color : Ab™ — Shy, s (Graph™, Jeyero).

Proof. Since any group homomorphism ¢ : A — B preserves 0, it is clear that 1, :
Color’,(G) — ColorZ(G) is well-typed for any graph G. Since a cycle in a subgraph
G of G’ is a cycle in G, it is clear that + : G — G’ induces by precomposition a map
Color’,,(G") — Color?,,(G). Since pre and post composition commute, it is clear that for
any G — @', the following square commutes,

Color’,,(G") SN Color?, (@)

L*l lb*

Color?, (@) — Color? ,(G)

12



thus the assignment A — Color’y,, ¥ — v, determines a functor Ab™ — PSh, s (Graph™).
We also see that Colors,, is a subpresheaf of Color® for every abelian group A, thus
Color,q is a subpresheaf of Color. It remains to show then that Colorsy, is a sheaf on the
cycle topology.

Since limits in finite abelian groups agree with limits in set (the functor Ab™ < Ab can
be checked to preserve limits, and Ab — Set admits a left adjoint, thus preserves limits),
by Remark it suffices to check that given a cover {1, : G; — G |i € I} be a cover
of a graph G in the cycle topology, an abelian group A, and cyclic additive A-coverings
Y; + V(G;) — A such that ¥i|a,na, = ¥jlaing,, the map ¢ : V(G) — A from Proposition
is cyclic additive. Pick a cycle C,, C G. By definition of the cycle topology, C,, C G; for
some 7 € I. Since 1|g, = 1; and since v; is cyclic additive, it follows that ) . ¥(v) = 0.
Since C, is arbitrary, v must by cyclic additive. O

In future work, we hope to apply the aforementioned cohomological tools to count the
number of cyclic additive colorings of a graph.

5 Appendix: Review of Grothendieck Topologies and
their Sheaves

In an effort to keep this paper as self-contained as is reasonable, we include a few basic
definitions and a result from the theory of sites as a reference. A comprehensive discussion
can be found in Chapters III and IV of [3].

Definition 5.0.1. (Definition I11.2.2 [3]) A Grothendieck topology on a category C with
pullbacks is a collection J consisting of (for each object C' of C) a collection of sets of the
form {f; : C; = C'|i € I} (called “covers” of C') satisfying the following three properties:

1. If f:C" — C is an isomorphism, then {f : C' — C'} is a cover.

2. If {fi : C; = C'|i € I} is a cover for C, then for any g : D — C, {pry,; : C; x¢ D —
D|ie€ I} is a cover for D.

3. If {f; : C; = C'|i € I} is a cover for C, and {g;; : C;; — C;|j € J;} is a cover for
each i € I, then {f;o0g;;: Cij > C|i € 1,5 € J;} is a cover of C.

Remark 5.0.2. The definition given above is technically the definition of a “basis for a
Grothendieck topology,” and a Grothendieck topology is defined in terms of objects called
sieves (Definition I11.2.1 [3]). However, we will never use the latter description in this paper,
hence the notation in the above definition.

Definition 5.0.3. A site is a pair (C, J) with C a category with pullbacks and J a Grothendieck
topology on C.

Definition 5.0.4. (Proposition I11.2.1 [3]) A sheaf on a site (C,J) is a presheaf F (i.e.
functor C°? — Set) such that for each object C' of C and each cover {f; : C; — C'|i € I},
the following is an equalizer:
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F(C) — iy F(C) — TLijes F(Ci %0 C)

Here the top map is the one induced by the projection onto the first argument (recall that
F is contravariant), and the bottom map is the one induced by projection onto the second
argument.

A morphism of sheaves is a natural transformation of the underlying functors. We denote
the category of sheaves by Sh(C,J) and call such a category a Grothendieck topos.

Remark 5.0.5. Note that since every set is a disjoint union of points, it suffices to check

the universal property for maps * — F(C;). In this case, the sheaf condition becomes the

statement that for any cover {f; : C; — C' | i € I}, if there is a collection (a;)ics € [[,c; F(Ci)

such that (o)|c,xcc; = (5)|cixec, for each pair i, j, there exists an o € F(C') such that

resg. (o) = a; for each i € I

Definition 5.0.6. A subobject classifier of a site Sh(C,J) is a sheaf Q such that Sub(—) =

Homgp(c,3)(—, 2), where Sub(F) is the class of subobjects of F, i.e. isomorphisms of monomor-
phism classes under F'.

Proposition 5.0.7. [3, Proposition II1.7.3] Every site has a subobject classifier.

We omit the proof and instead refer the reader to the included reference.
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