
Reference Sheet of Categories
Samuel Moss

𝖠𝖻-category (preadditive category)

A category 𝒜 in which every homset Hom𝒜(𝐴, 𝐵) has the structure of an abelian group and
composition distributes over addition, so that given:

𝑓
𝑔

𝑔′

ℎ
𝐴 𝐵 𝐶 𝐷

We have ℎ(𝑔 + 𝑔′)𝑓 = ℎ𝑔𝑓 + ℎ𝑔′𝑓 .

An 𝖠𝖻-category can also be viewed as a category enriched over the monoidal category 𝖠𝖻.

Abelian category

An additive category 𝒜 such that every morphism has a kernel and cokernel, every monic
arrow is a kernel, and every epi arrow a cokernel.

An abelian subcategory ℬ is a subcategory of 𝒜 which is abelian and such that exact
sequences in ℬ are exact in 𝒜.

What is an example of a subcategory of an abelian category which is not abelian?

Exercise: Show that this is equivalent to the canonical map coim(𝑓) → im(𝑓) being an
isomorphism. Show this is equivalent to every monic arrow is the kernel of its cokernel and
every epi arrow the cokernel of its kernel.

Additive category

An 𝖠𝖻-category 𝒜 with a zero object and product 𝐴 × 𝐵 for each pair 𝐴, 𝐵 ∈ 𝖮𝖻(𝒜).

Exercise: Show that in an additive category 𝐴 × 𝐵 ≅ 𝐴 ⊕ 𝐵.

Comma category 𝘊/𝑑 of objects over 𝑑

Let 𝘊  be a category and 𝑑 ∈ 𝖮𝖻(𝘊). Denoted 𝘊/𝑑, dual 𝑑 \ 𝘊 .

Objects: Maps 𝑓 : 𝑐 → 𝑑 in 𝘊 .

Morphisms: Map from 𝑓 : 𝑐 → 𝑑 to 𝑓 ′ : 𝑐′ → 𝑑 is ℎ ∈ Hom𝘊 (𝑐, 𝑐′) s.t. 𝑓 = 𝑓 ′ℎ.

Comma category over functor

Let 𝐹 : 𝘊 → 𝘋 be a functor. Denoted 𝐹/𝑑, dual 𝑑 \ 𝐹 .

Objects: Object of 𝐹/𝑑 for some 𝑑 ∈ 𝘋.

Morphism: (𝑐, 𝐹(𝑐) →
𝑓

𝑑) → (𝑐′, 𝐹 (𝑐′) →
𝑓′

𝑑′) pairs of maps 𝑐 →
𝑔

𝑐′, 𝑑 →
ℎ

𝑑′ s.t.:

𝐹(𝑔)

𝑓 ′

ℎ

𝑓

𝐹(𝑐) 𝐹(𝑐′)

𝑑 𝑑′
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Comma category over object

Let 𝐹 : 𝘊 → 𝘋 be a functor and 𝑑 ∈ 𝖮𝖻(𝘋). Denoted 𝐹/𝑑, dual 𝑑 \ 𝐹 .

Objects: Pairs (𝑐, 𝑓) with 𝑐 ∈ 𝖮𝖻(𝘊) and 𝑓 ∈ Hom𝘋(𝐹(𝑐), 𝑑).

Morphisms: (𝑐, 𝑓) → (𝑐′, 𝑓 ′) is morphism ℎ ∈ Hom𝘊 (𝑐, 𝑐′) s.t.:

𝐹(ℎ)

𝑓 ′𝑓

𝐹(𝑐) 𝐹(𝑐′)

𝑑

Consider (𝐸, ∗𝐸) →
𝑓

(𝐵, ∗𝐵) in 𝖳𝗈𝗉∗. Then ∗𝐵 \ Π𝑓 functions the same as the homotopy fiber
𝐹(𝑓). Here Π : 𝖳𝗈𝗉∗ → 𝖦𝗋𝗉𝖽 is the fundamental groupoid functor.

When 𝐹 = Id is the identity functor, 𝐹/𝑑 is the comma category 𝐶/𝑑 (and 𝑑 \ 𝐹  is 𝑑 \ 𝐶).

Enriched category

A category enriched over a monoidal category (𝑉 , ⊗, 1, 𝑎, 𝜆, 𝜌) is a category 𝘊  with the
following data:

(i) A class 𝖮𝖻(𝘊).

(ii) For each (𝑎, 𝑏) ∈ 𝖮𝖻(𝘊) × 𝖮𝖻(𝘊), a hom object 𝘊(𝑎, 𝑏) ∈ 𝖮𝖻(𝑉 ).

(iii) For each (𝑎, 𝑏, 𝑐) ∈ 𝖮𝖻(𝘊)3 a composition morphism ∘𝑎,𝑏,𝑐 : 𝘊(𝑏, 𝑐) ⊗ 𝘊(𝑎, 𝑏) → 𝘊(𝑎, 𝑐).

(iv) For each 𝑎 ∈ 𝖮𝖻(𝘊) a morphism 𝑗𝑎 : 1 → 𝘊(𝑎, 𝑎)

Satisfying the following axioms:

(1) Associative:

𝑎𝘊(𝑐,𝑑),𝘊(𝑏,𝑐),𝘊(𝑎,𝑏)

∘𝑏,𝑐,𝑑 ⊗ id𝘊(𝑎,𝑏) id𝘊(𝑐,𝑑) ⊗ ∘𝑎,𝑏,𝑐

∘𝑎,𝑏,𝑑 ∘𝑎,𝑐,𝑑

(𝘊(𝑐, 𝑑) ⊗ 𝘊(𝑏, 𝑐)) ⊗ 𝘊(𝑎, 𝑏) 𝘊(𝑐, 𝑑) ⊗ (𝘊(𝑏, 𝑐) ⊗ 𝘊(𝑎, 𝑏))

𝘊(𝑏, 𝑑) ⊗ 𝘊(𝑎, 𝑏) 𝘊(𝑐, 𝑑) ⊗ 𝘊(𝑎, 𝑐)

𝘊(𝑎, 𝑑)

(2) Unital:

∘𝑎,𝑏,𝑏 ∘𝑎,𝑎,𝑏

𝑗𝑏 ⊗ id𝘊(𝑎,𝑏) id𝘊(𝑎,𝑏) ⊗ 𝑗𝑎
𝜆𝘊(𝑎,𝑏) 𝜌𝘊(𝑎,𝑏)

𝘊(𝑎, 𝑏)𝘊(𝑏, 𝑏) ⊗ 𝘊(𝑎, 𝑏) 𝘊(𝑎, 𝑏) ⊗ 𝘊(𝑎, 𝑎)

1 ⊗ 𝘊(𝑎, 𝑏) 𝘊(𝑎, 𝑏) ⊗ 1

A preadditive cateogry is a category enriched in (𝖠𝖻, ⊗). A 2-category is a category enriched
in (𝖢𝖺𝗍, ×).
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𝐼 ∫ 𝑋

Let 𝐼 be a small category and 𝑋 : 𝐼 → 𝖲𝖾𝗍 a functor. Denoted 𝐼 ∫ 𝑋.

Objects: Pairs (𝑖, 𝑥) with 𝑖 ∈ 𝖮𝖻(𝐼) and 𝑥 ∈ 𝑋(𝑖).

Morphisms: (𝑖, 𝑥) → (𝑖′, 𝑥′) pair of maps 𝑓 ∈ Hom𝐼(𝑖, 𝑖′) and 𝜙 ∈ Hom𝖲𝖾𝗍(𝑋(𝑓)(𝑥), 𝑥′) with
𝑥′ ∈ 𝑋(𝑖)

The “Translation Category” below is a special case of this.

Inverse image

Let 𝐹 : 𝘊 → 𝘋 be a functor and𝑑 ∈ 𝖮𝖻(𝘋). Denoted 𝐹−1(𝑑).

Objects: 𝑐 ∈ 𝖮𝖻(𝘊) s.t. 𝐹(𝑐) = 𝑑.

Morphisms: ℎ ∈ 𝖬𝖺𝗉𝗌(𝘊) s..t 𝐹(ℎ) = id𝑑.

This functor is isomorphic to the full subcategory of 𝐹/𝑑 consisting of pairs (𝑐, 𝐹 (𝑐) →= 𝑑) or
the full subcategory of 𝑑 \ 𝐹  of pairs (𝑑 →= 𝐹(𝑐), 𝑐).

Localization

Let 𝘊  be a category and 𝑆 a collection or morphisms. The localization of 𝘊  w.r.t. 𝑆 is a
category 𝑆−1𝘊  and functor 𝑞 : 𝘊 → 𝑆−1𝘊  such that 𝑞(𝑠) is an isomorphism for all 𝑠 ∈ 𝑆, and
any functor 𝐹 : 𝘊 → 𝘋 sending maps in 𝑆 to isomorphisms factors uniquely through 𝑞. In
other, words, there is a unique arrow such that the following commutes

𝐹

𝑞
𝑆−1𝘊

𝘊 𝘋

A collection of morphisms 𝑆 in 𝘊  is called a multiplicative system if the following axioms are
satisfied.

(1) 𝑆 is closed under composition and identities.

(2) (Ore condition) If 𝑡 : 𝑍 → 𝑌  is in 𝑆, then for each 𝑔 : 𝑋 → 𝑌  in 𝘊 , we can find some
object 𝑊  and maps 𝑠, 𝑓 : 𝑊 → 𝑋, 𝑍 (resp) such that 𝑠 ∈ 𝑆 and the following commutes

𝑓

𝑡

𝑔

𝑠

𝑊 𝑍

𝑋 𝑌

(3) (cancellation) Given 𝑓, 𝑔 : 𝑋 → 𝑌  in 𝘊 , the following are equivalent

(a) 𝑠𝑓 = 𝑠𝑔 for some 𝑠 : 𝑍 → 𝑌 , 𝑠 ∈ 𝑆

(b) 𝑓𝑡 = 𝑔𝑡 for some 𝑡 : 𝑍 → 𝑋, 𝑡 ∈ 𝑆

We can construct 𝑆−1𝘊  as follows.
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Let 𝖮𝖻(𝑆−1𝘊) = 𝖮𝖻(𝘊). Let 𝑓𝑠−1 denote the chain 𝑋 ←
𝑠

𝑋1 →
𝑓

𝑌 , where 𝑠 ∈ 𝑆. Then 𝑓𝑠−1 is
equivalent to 𝑔𝑡−1 if there is some 𝑋 ← 𝑋3 → 𝑌  with the left arrow in 𝑆 such that the
following commutes

𝑓𝑠

𝑡 𝑔

𝑋1

𝑋3

𝑋2

𝑋 𝑌

Then the morphisms of 𝑆−1𝘊  are chains modulo the equivalence relation. Composition is
defined as follows. Given 𝑋 ← 𝑋′ →

𝑔
𝑌  and 𝑌 ←

𝑡
𝑌 ′ → 𝑍, by the Ore condition there exists a

diagram

𝑠 𝑡

𝑔

𝑊

𝑋′

𝑌 ′ 𝑍

𝑌𝑋

Then the composition is 𝑋 ← 𝑋′ ←
𝑠

𝑊 → 𝑌 ′ → 𝑍 (note that 𝑠 ∈ 𝑆).

Monoidal category

A monoidal category is a category 𝘊  equipped with the following structure.

(i) A bifunctor ⊗ : 𝘊 × 𝘊 → 𝘊 .

(ii) An object 1 ∈ 𝖮𝖻(𝘊) called the unit/tensor object.

(iii) A natural isomorphism 𝑎 : ((−) ⊗ (−)) ⊗ (−) → (−) ⊗ ((−) ⊗ (−)) called the associator.

(iv) A natural isomorphism 𝜆 : 1 ⊗ (−) → (−) called the left unitor.

(v) A natural isomorphism 𝜌 : (−) ⊗ 1 → (−) called the right unitor.

Which satisfies the following axioms.

(1) Triangle identity:

𝑎𝑥,1,𝑦

𝜌𝑥 ⊗ 1 𝜆 ⊗ 𝜌𝑦

(𝑥 ⊗ 1) ⊗ 𝑦 𝑥 ⊗ (1 ⊗ 𝑦)

𝑥 ⊗ 𝑦

(2) Pentagon identity:

4



𝑎𝑤⊗𝑥,𝑦,𝑧 𝑎𝑤,𝑥,𝑦⊗𝑧

𝑎𝑤,𝑥,𝑦 ⊗ id𝑧 id𝑤 ⊗ 𝑎𝑥,𝑦,𝑧

𝑎𝑤,𝑥⊗𝑦,𝑧

(𝑤 ⊗ 𝑥) ⊗ (𝑦 ⊗ 𝑧)

((𝑤 ⊗ 𝑥) ⊗ 𝑦) ⊗ 𝑧

(𝑤 ⊗ (𝑥 ⊗ 𝑦)) ⊗ 𝑧

𝑤 ⊗ (𝑥 ⊗ (𝑦 ⊗ 𝑧))

𝑤 ⊗ ((𝑥 ⊗ 𝑦) ⊗ 𝑧)

Some examples include (𝖠𝖻, ⊗ℤ), (𝖢𝖺𝗍, ×).

Quotient abelian category

Let 𝒜 be an abelian category and ℬ a serre subcategory. A morphism 𝑓 in 𝒜 is a ℬ-iso if
both ker 𝑓 and coker 𝑓 are in ℬ. The quotient category is denoted 𝘈/𝘉.

Objects: Those of 𝒜.

Morphisms: A morphism 𝐴1 → 𝐴2 is an equivalence class of diagrams of the form:

𝐴1 ⟵
𝑓

𝐴′ ⟶
𝑔

𝐴2, where 𝑓 is a ℬ-iso

Where 𝐴1 ← 𝐴′ → 𝐴2 is equivalent to 𝐴1 ← 𝐴″ → 𝐴2 iff there is a commutative diagram:

𝐴′

𝐴2𝐴1 𝐴

𝐴″

Where 𝐴′ ← 𝐴 → 𝐴″ are ℬ-isos. The composition of 𝐴1 ←
𝑓

𝐴′ →
𝑔

𝐴2 with 𝐴2 ←
𝑓′

𝐴‴ →
ℎ

𝐴3 is
given by 𝐴1 ←

𝑓
𝐴′ ← 𝐴 → 𝐴‴ →

ℎ
𝐴3, where 𝐴 is the pullback:

𝑔

𝑓 ′

𝐴 𝐴′

𝐴‴ 𝐴2

Exercise: Show that 𝒜/ℬ is abelian and the quotient functor loc : 𝒜 → 𝒜/ℬ is exact.

Quotient category

Let 𝘊  be a category. A congruence relation on 𝘊  is, for each pair 𝑋, 𝑌 ∈ 𝖮𝖻(𝘊), an
equivalence relation 𝑅𝑋,𝑌  on Hom𝘊 (𝑋, 𝑌 ) which respects composition, i.e., if 𝑓1𝑅𝑋,𝑌  𝑓2 and
𝑔1𝑅𝑌 ,𝑍 𝑔2, then 𝑔1𝑓1𝑅𝑋,𝑍 𝑔2𝑓2. Then the quotient category is denoted 𝘊/𝑅.

Objects: Those of 𝘊 .

Morphisms: Hom𝘊/𝑅(𝑋, 𝑌 ) ≔ Hom𝘊 (𝑋, 𝑌 )/𝑅.
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Serre subcategory

An abelian subcategory ℬ of a subcategory 𝒜 which is closed under subobjects, quotients,
and extensions, i.e., if 0 → 𝐵 → 𝐶 → 𝐷 → 0 is exact in 𝒜, then 𝐶 ∈ ℬ ⟺ 𝐵, 𝐷 ∈ ℬ.

Symmetric monoidal category

A symmetric monoidal category 𝘊  is a monoidal category equipped with a natural
transformation 𝑠𝑎𝑏 : 𝑎 ⊗ 𝑏 → 𝑏 ⊗ 𝑎 satisfying the following axioms:

(1) Unit coherence

𝑠𝑥1

𝜌𝑥 𝜆𝑥

𝑥 ⊗ 1 1 ⊗ 𝑥

𝑥

(2) Associativity coherence

𝑠𝑥𝑦 ⊗ id𝑧

𝑎𝑥𝑦𝑧

𝑠𝑥,𝑦⊗𝑧

𝑎𝑦𝑧𝑥

𝑎𝑦𝑥𝑧

id𝑦 ⊗ 𝑠𝑎𝑐

(𝑥 ⊗ 𝑦) ⊗ 𝑧 (𝑦 ⊗ 𝑥) ⊗ 𝑧

𝑥 ⊗ (𝑦 ⊗ 𝑧) 𝑦 ⊗ (𝑥 ⊗ 𝑧)

(𝑦 ⊗ 𝑧) ⊗ 𝑥 𝑦 ⊗ (𝑧 ⊗ 𝑥)

(3) Inverse law

𝑠𝑦𝑥𝑠𝑥𝑦

𝑦 ⊗ 𝑥

𝑥 ⊗ 𝑦 𝑥 ⊗ 𝑦

Translation category

Let 𝐺 be a group or monoid acting on 𝑋. Denoted 𝐺 ∫ 𝑋.

Objects: Elements of 𝑋.

Morphisms: Hom𝐺 ∫ 𝑋(𝑥, 𝑥′) = {𝑔 ∈ 𝐺 : 𝑔.𝑥 = 𝑥′}

Triangulated category

An additive category 𝘒  equipped with an automorphism 𝑇 : 𝘒 → 𝘒  (the translation functor)
and distunguished family of triangles (called exact triangles) satisfying axioms (i) through
(iv) below. Here a triangle is a triple of morphisms (𝑢, 𝑣, 𝑤) with 𝑢 : 𝐴 → 𝐵, 𝑣 : 𝐵 → 𝐶, 𝑤 :
𝐶 → 𝑇(𝐴). A morphism of triangles is a triple (𝑓, 𝑔, ℎ) s.t. the following commutes:
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𝑢 𝑣 𝑤

𝑢′ 𝑣′ 𝑤′

𝑓 𝑔 ℎ 𝑇𝑓

𝐴 𝐵 𝐶 𝑇(𝐴)

𝐴′ 𝐵′ 𝐶′ 𝑇 (𝐴′)

The category, automorphism, and exact triangles must satisfy the following axioms.

(i) Every morphism 𝑢 : 𝐴 → 𝐵 can be embedded in an exact triangle (𝑢, 𝑣, 𝑤). If 𝐴 = 𝐵 and
𝐶 = 0, then (id𝐴, 0, 0) is exact. If (𝑢, 𝑣, 𝑤) is a triangle on (𝐴, 𝐵, 𝐶) which is isomorphic to an
exact triangle (𝑢′, 𝑣′, 𝑤′) on (𝐴′, 𝐵′, 𝐶′), then (𝑢, 𝑣, 𝑤) is exact.

(ii) (Rotation) If (𝑢, 𝑣, 𝑤) is an exact triangle on (𝐴, 𝐵, 𝐶), then (𝑣, 𝑤, −𝑇𝑢), (−𝑇 −1𝑢, 𝑣, 𝑤)
are exact triangles on (𝐵, 𝐶, 𝑇𝐴), (𝑇 −1𝐶, 𝐴, 𝐵) (resp.).

(iii) (Morphisms) Given exact triangles (𝑢, 𝑣, 𝑤) and (𝑢′, 𝑣′, 𝑤′) with morphisms 𝑓 : 𝐴 →
𝐴′, 𝑔 : 𝐵 → 𝐵′ such that 𝑔𝑢 = 𝑢′𝑓 , there exists a morphism ℎ : 𝐶 → 𝐶′ so that (𝑓, 𝑔, ℎ) is a
morphism of triangles:

𝑢 𝑣 𝑤

𝑢′ 𝑣′ 𝑤′

𝑓 𝑔 ∃ℎ 𝑇𝑓

𝐴 𝐵 𝐶 𝑇(𝐴)

𝐴′ 𝐵′ 𝐶′ 𝑇 (𝐴′)

(iv) (Octahedral axiom) Given objects 𝐴, 𝐵, 𝐶, 𝑋, 𝑌 , 𝑍 in 𝘒 , suppose there are three exact
triangles (𝑢, 𝑗, 𝜕) on (𝐴, 𝐵, 𝑍), (𝑣, 𝑥, 𝑖) on (𝐵, 𝐶, 𝑋), and (𝑣𝑢, 𝑦, 𝛿) on (𝐴, 𝐵, 𝑍). Then there is
a fourth exact triangle (𝑓, 𝑔, 𝑇 (𝑗)𝑖) on (𝑍, 𝑌 , 𝑋) such that in the octahedron below, the four
exact triangles form four of the faces; 𝜕 = 𝛿𝑓, 𝑥 = 𝑔𝑦; 𝑦𝑣 = 𝑓𝑗; and 𝑢𝛿 = 𝑖𝑔.
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